Linear combinations, spans, and row spaces

A vector w is a linear combination of vectors v1, v2, …, vn if w can be written as 

a1v1 + a2v2 + … + anvn in at least one way.  

The span of the set S = { v1, v2, …, vn }, written as span(S), is the set of all vectors that can be written as a linear combination of v1, v2, …, vn.  

For example, span({(1,0), (0,1)}) is R2 because any vector in R2 can be written as a linear combination of (1,0) and (0,1).  

More specifically, (a, b) can be written as a(1, 0)  + b(0, 1).

The row space of a matrix is the span of the set of the rows of the matrix.  For example, the row space of 
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Is (a, b, 0) because any vector of the form (a, b, 0) can be written as a linear combination of (1, 0, 0) and (0, , 0), but no other vectors can.

Triangular and row canonical form
A matrix is in echelon form if

(i) All zero rows, if any, are at the bottom

(ii) Each pivot (first nonzero) in a row is to the right of the pivots in the preceding rows.

A matrix is in row canonical form if it is in echelon form, and

(iii) Each pivot is equal to 1

(iv) Each pivot is the only nonzero in its column.

Row Equivalence and Gaussian elimination

Two matrices are said to be row equivalent if they have the same row space.  It can be shown that the following operations do not change the row space of a matrix:

(i) interchanging two rows

(ii) multiplying a single row by a nonzero scalar

(iii) adding a multiple of one row to another row

We often want to bring a matrix into a row-equivalent echelon form, or into its row canonical form (which is unique).  You will generally do this using Gaussian elimination or the calculator’s rref function.

I will show the Gaussian elimination algorithm using an example (following page), but please keep in mind that you will sometimes have to switch rows around to keep the pivots in the right place. 

A useful shortcut to put a matrix into row canonical form (reduced row echelon form) is the TI-83’s rref function.  Type the matrix into the matrix editor, and then run rref function on the matrix on the home screen.

Keys to open the matrix editor: Matrx, EDIT, (select matrix)

Keys to run rref: Matrx, MATH, (up until you reach rref), enter

Then Matrx, NAMES, (name of matrix)

Your home screen should show rref([A]) when you type this.  If you have entered a matrix into [A], the calculator will calculate the reduced row echelon form of [A] when you press enter.

Warning: if one of the elements of the matrix is a variable and not a real number, the TI-83 won’t be able to do the Gaussian elimination for you.  Know how to do Gaussian elimination.
Expressing systems of linear equations as matrices

It is often useful to convert a system of linear equations into matrix form in order to do operations on the system.  Note how the row operations in the Gaussian elimination process (such as adding one row to another) in the following example are “really” operations on the equations (such as adding one equation to another).

Example Solve the following system of equations by converting it into a matrix, and then reducing that matrix into row canonical form.
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Example of Gaussian Elimination
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